The renormalization of the boundary action in the AdS/CFT correspondence is considered and the breaking of conformal symmetry is discussed.
Introduction
A correspondence between the large N limit of certain superconformal theories and supergravity theories on the boundary of Anti-de Sitter spaces has been conjectured in [1] . An AdS/CFT correspondence was used in [2] in context of physics of non-extremal black holes.
An AdS/CFT relationship between correlation functions in the large N CFT and the classical supergravity action on the boundary was proposed in [3, 4] in terms of the component supergravity and in [5] in superspace formulation. The proposal is that the generating functional of the correlation functions in the large N CFT is given by the supergravity action considering as a functional of the boundary values of the fields.
Construction of the n-point correlation functions for scalar fields within the proposal [4] has been presented in [6] and it is considered in more detail in [8] . The 3-point amplitudes including vector fields in the AdS supergravity are considered in [9] . The free spinor fields are discussed in [7] and amplitudes including graviton are considered in [10] . For other recent considerations of the AdS/CFT correspondence see [12] - [43] .
To make the proposal more precise one has to explain the meaning of the boundary action. The boundary action is not well defined for free fields and one gets divergencies when one considers the value of the classical action on the solutions of the corresponding boundary problem. In [6] it was proposed to make a renormalization of the boundary action to get the well defined functional and the breaking of conformal invariance has been pointed out. In [6] only massless scalar field have been considered. In this note we shall discuss the renormalization of the boundary action for the massive scalar fields.
In [23] the breaking of conformal invariance by the irrelevant Born-Infeld corrections to the Yang-Mills theory is considered. These effects go beyond "the strict conformal limit". In this note we discuss the breaking of conformal invariance that takes place already in the strict conformal limit.
Actually the proposals for the AdS/CFT correspondence in [3] and in [4] are somewhat different. In [3] a cut-off on the boundary of AdS is introduced and to get the 2-point correlation function in CFT it is proposed to take only "the leading nonanalytical term" in the Fourier transform of the boundary action. Unfortunately this "non-analytic" prescription depends on the used regularisation procedure and more specifically on the cut-off.
In [4] an elegant expression for the boundary action for free fields has been proposed. In the four dimensional Euclidean space for the massless fields it has the form
Here Φ 0 (x) is a test function in the four dimensional space which is considered as the boundary function for a field in the AdS space. The integral (1) requires a regularisation. If one interprets it as the value of the distribution |x| −8 on the test function then one has the breaking of the conformal symmetry because the distribution |x| −8 is not a homogeneous generalized function, see [6] for a discussion of this point. Let us recall that the function |x| −8 of course is scaling invariant for x = 0 but in (1) one has the integral and it leads to divergencies if we don't regularise it. The regularisation leads to the breaking of the conformal invariance.
In other words if in CFT one has the correlator of the form
then it is scaling invariant for x = y because one can consider it as an ordinary function. However if we want to define the correlation function also for x = y in the distribution sense (for example if we want to integrate it as in (1)) then one has the breaking of the conformal symmetry.
In [6] the following renormalized boundary action is obtained (see also the discussion in the next section)
where ∆ is the Laplacian and a, b, c are arbitrary constants. The action (3) is not conformally invariant. If we assume 'the minimal breaking of conformal symmetry" (or a minimal subtraction renormalization scheme [6] ) and take c = 0 then we obtain the renormalized boundary action
The renormalized action (4) (or (3)) gives an interpretation of the formula (1) if we treat |x − y| −8 as a distribution because the Fourier transform of the distribution |x| −8 is ap 4 log p + bp 4 .
Massless Fields
Let us recall first the renormalization of the boundary action for massless fields [6] . The AdS action for this theory in the Lobachevsky space R d+1
Here ǫ > 0 is a cut-off, see [3] . The solution of the Dirichlet problem
can be represented in the form
where K d 2 (y) is the modified Bessel function. By integrating by parts, one can rewrite (5) as
Using the asymptotic expansion of the modified Bessel function one gets a regularised expression for the action.
For d = 4 one has for x 0 → 0
here p = |p|. The action (8) for ǫ → 0 behaves as
The appearance of divergent terms in the classical action can be related with the fact that the propagator for a field O of conformal dimension 4 should be a multiple of |x − y| −8 and one has to define it as a distribution.
In the spirit of the minimal subtractions scheme in the theory of renormalization one can write a "renormalized" action as
One can write the final result as follows
where the arrow includes the renormalization. The renormalized action includes a local term
There is also a non-local term. This is related with the fact that the distribution |x| −8 [11] is not a homogeneous in R 4 (there is the logariphm in the scaling law). If one adds also finite parts, then one gets a term Φ 0 ∆Φ 0 . One requires additional physical assumptions to fix the form of the renormalized action. There is an analogy with the choice of "the leading non-analitical term" in [3] .
One can consider the renormalized action (11) as a definition of distribution |x−y| −8 and interpret the action [4] 
as the value of the distribution |x − y| −2d on a test function. The Fourier transform of this distribution [11] includes a logariphmic term. For d = 4 one has
The distribution |x| −8 = r −8 is the so called associated generalized function. It is obtained by taking the analytical continuation over λ of the distribution r λ and then expanding at a pole. In the d-dimensional space one has at λ = −d − 2k the expansion
where ω d = 2π d/2 /Γ(d/2).
Massive Fields
Let us discuss now the massive case. The free action in the AdS space has the form
Let us consider a solution of the following boundary problem
where k is the larger root of the equation
This solution can be represented in the form
where
Let us consider the case of integer k. For even d by using the expansion for x 0 → 0
we get
and
By integrating by parts, one can rewrite (17) as
Using the asymptotic expansion of the modified Bessel function one gets a regularised expression for the action. By using (23) we obtain that the action (25) for ǫ → 0 behaves as
(pǫ) n a n + ap d log(ǫp)].
Performing the minimal subtractions as in the massless case we get the renormalized boundary action
In principle we have to add to (27) also other terms corresponding to the divergent terms in (10) .
where the arrow includes the renormalization. If one adds also finite parts, then one gets terms Φ 0 (−∆) l Φ 0 , l = 1, ...., d/2 + k − 1. One requires additional physical assumptions to fix the form of the renormalized action. As for massless case the renormalized action includes the local term as well as the non-local term. The origine of this fact is that the distribution |x| −2d−2k [11] is not a homogeneous in R d (there is the logariphm in the scaling law).
One can consider the renormalized action (11) as a definition of distribution |x − y| −2(d+k) and interpret the action [4] R 2d
as the value of the distribution |x − y| −2d−2k on a test function. The Fourier transform of this distribution [11] includes a logariphmic term. For d even one has |x| −2(d+k) = ap d+2k log p + bp d+2k .
Conclusion
In this note the renormalized boundary action (27) , (28) for the free massive scalar field is obtained. There is the breaking of the conformal symmetry in the AdS/CFT correspondence of the same type as it was found earlier for the massless case [6] .
In this note only the simplest examples of the AdS/CFT correspondence have been discussed. It is interesting to study how the consideration of interaction and the npoint correlation functions ( let us recall that in the standard background formalism [44] the behaviour of the two-point function is more subtle then the n-point functions) and also supersymmetry will affect the breaking of conformal symmetry. The work is supported in part by INTAS grant 96-0698. I.A. is supported also by RFFI grant 96-01-00608 and I.V. is supported in part by RFFI grant 96-01-00312.
